We present a method for numerical calculation of two dimensional distributions of the attempt relaxation times and activation energies from the temperature dependence of the experimental dielectric permittivity dispersion. We introduce empirical attempts to account for broad and/or asymmetric dispersions with the idea of using a weighted collection of Debye relaxation times. Then we present a modification of the aforementioned idea including attempt relaxation time and activation energy using the Arrhenius law, which significantly complicates the computation of the aforementioned distribution. Incorporating the activation energy and the attempt relaxation time into the equation transforms the discretized matrix equations into tensor equations. We rework the tensor equations into simpler matrix equations, thus permitting us to solve the presented discretized integral equation by using existing Least Distance Problem solving methods. Also, we present a regularization method and a way to choose the regularization parameter based on a best fit criterion. In the end we discuss the method showing some simulated results and experimental results. We then point out some problems involved in the calculations and propose methods to reduce their significance.
Introduction
The dynamics of the dielectric response in relaxors and dipolar glasses is of interest for applications in high frequency electronic devices, such as static memory, sen-sors, microchip lines, antennas, etc. Broadband dielectric spectroscopy is widely used to study molecular dynamics in complex systems such as glass-forming liquids and liquid crystalline materials. Sample polarization in an external electric field depends on geometrical properties of the sample and on the mobility of molecular segments, molecules, or clusters of molecules. From dielectric response measurements one can obtain such parameters as dipolar strengths and correlation times of the relaxation processes inherent in the system. Usually these parameters depend not only on the applied external electric field but also on other external parameters such as the temperature. The simplest description of the dynamics in ferroelectrics is achieved by means of a single Debye process. In 1913 P. Debye derived the dependence of the complex dielectric permittivity of an ideal non interacting population of dipoles in a solution upon the external electric field frequency [1] :˜ (ω) = ∞ + ∆ 1 + ωτ (1) where˜ is the experimentally obtained complex dielectric permittivity of the material, ∞ is the static dielectric permittivity at a frequency large enough that processes contributing to the dielectric permittivity are negligible enough to be discarded, ∆ is the difference between the maximum permittivity and ∞ , and τ is the process relaxation time. This dependence describes some ferroelectric materials well, but not relaxors nor dipolar glasses which in general exhibit strongly broadened dielectric permittivity dispersion and which usually strongly depend on temperature. Thus, there were several analytical attempts to account for this broadening by introducing various parameters (e.g. Cole-Cole, Cole-Davidson, Havriliak-Negami, Kohlrausch-Williams-Watts, etc [2] [3] [4] [5] [6] ). One of the drawbacks of using such functions is that relating obtained in such a way to the intrinsic physical properties of the material is rarely straightforward. A further drawback of such methods is the inherent difficulty of separating processes with comparable relaxation times. A proper choice of the number of processes used to fit the data is not always obvious and additional a priori assumptions have to be made. Our purpose is to present some algorithms and a computer program for solving integral equations related to the calculation of the distribution of attempt relaxation times and activation energies from the data of the dielectric spectra using the regularization technique, and to discuss its application to the simple examples of the simulated spectra in order to demonstrate the main features of the proposed approach and the possible strategy in the choice of the regularization parameter.
Debye relaxation times distribution
One of the main ideas was to assume that an ensemble of dipoles of different relaxation times must contribute to broadened dielectric dispersion. Thus one had to calculate an integral of Debye relaxation times distribution function G(log τ) [7] [8] [9] [10] neglecting conductivity:
This is an easily discretized equation which can be solved for the distribution of relaxation times G(log τ) e.g. by a constrained least squares method. However, due to the ill-posed nature of this problem the results are wildly unstable. Tikhonov [12] proposed a regularization method which helps in solving such equations which we shall discuss later. The discretized (2) equation in matrix form with complex values looks like this:
where A is the kernel of the integral:
The indices and iterate over the relaxation times we are interested in and the measured frequencies, respectively. G is the vector of discretized distribution functions that we are interested in, and E is the measured dielectric permittivity vector at constant temperature. A computer program was created to solve this kind of integral equation. More on the details of the algorithm can be found in [10] . Here we use a slightly modified version of that algorithm.
Arrhenius law
Even though the distribution of Debye relaxation times can give great insight into microscopic nature of an anomalous dielectric permittivity dispersion, this distribution was for a single temperature. In general, the relaxation time depends on temperature:
which turns simple Debye relation into slightly more complicated form:˜
Assuming dipoles are in a double well potential which in general exhibits activation energy E and attempt relaxation time τ and using the Arrhenius law [11] , we get a complex dielectric permittivity relation of the following form:
This equation is as easily discretized as was Eq. (2), achieving the same general form as Eq. (3). However, the kernel A now is a tensor:
where the indices , iterate over measured temperatures and frequencies, respectively, and the indices , iterate over attempt relaxation times and activation energies of interest.
The discretized version of Eq. (7) is much more complicated than Eq. (3), as it involves matrices and a tensor rather than just vectors and a matrix. Therefore it has to be rewritten in matrix form in order to be solved by the same regularization method without reinventing the algorithm. Thus, the tensor (8) unpacked to matrix form becomes:
the dielectric permittivity matrix becomes a vector: (10) and the matrix of attempt relaxation times and distributions of activation energies becomes:
where the / operator is the integer division operator and mod is the modulus of the integer division operator, and N and K denote the numbers of temperatures and activation energies, respectively.
Solving method
A constrained least squares method consists of a set of constraints and a functional for which a minimum must be found:
However, as mentioned earlier, this functional is rather unstable and to tame this instability Tikhonov proposed a slightly modified functional:
where R is a regularization matrix and the free parameter α is a regularization parameter. In general, the regularization matrix may be arbitrary, however it is advised to choose either R = I, or a first or second order derivative.
We have chosen R to be the identity matrix I. There exist various standard algorithms which can be used for minimizing the functional (13) . One of them is the Least Distance Problem (LDP [13, 14] ), requiring that the functional be of the following form:
To prepare the matrices one has to perform QR decomposition of the kernel matrix:
and build the small kernel matrix:
turning Eq. (14) into:
Then SV D has to be applied to the regularization matrix:
which leads to the convenient norm property:
resulting in a functional of the following form:
By applying a second SV D:
and substituting the variables:
the functional Φ can be transformed in this manner:
Finally, it can be further simplified using the diagonality of S:
so that one can apply the LDP algorithm to it:
Due to the nature of the minimization algorithm not all α values gain suitable results. Thus, after obtaining the result one needs to calculate the fit and compare it with supplied data. We chose to calculate the following parameter as the fitness of the calculated distribution: 
Results

Simulated data
A computer program was created that would vary the regularization parameter α, calculate the two dimensional distribution of attempt relaxation times and activation energies from the measured dielectric dispersion temperature dependence, and compute σ 2 to evaluate the best result.
To test the algorithm we have prepared arbitrary distributions (one of which is presented in Fig. 1 ; more can be found in [15] ) from which we computed the complex permittivity using Eq. (7).
The temperature range was chosen to be 70 -400 K and the frequency range was 10 -10 7 Hz for particular example. Then using this permittivity data we calculated the distribution of activation energies and attempt relaxation times using the algorithm. Also we computed σ 2 ( Fig. 2 ) for different α, and using the best fit criterion chose the calculated distribution (Fig. 3) .
As can be seen from Fig. 2, the σ 2 parameter is a monotonic function of α and exhibits a plateau below certain values of α. Analogously, as mentioned in [10] , low values of α tend to produce artificial physically meaningless distributions, and large α values tend to over-smooth the shape of the distribution and suppress otherwise important information. The most optimal regularization parameter is for those values of α where σ 2 starts to rise rather sharply, thus permitting us to automate the choosing of the regularization parameter. 
Experimental data
Many different ferroelectric materials were analyzed using the presented algorithm, and giving interesting results (e.g. [16] ). One notable distinction between relaxors and dipolar glasses was identified and discussed in [15, 16] . These results conform with the Meyer-Neldel rule [17] , hinting about the validity of the calculated results. In this section the presented experimental results (Figures 4, 5  and 6 ) of CuIn 05 Cr 05 P 2 S 6 are discussed in [18] [19] [20] more broadly. As can be seen from Fig. 4 , the temperature dependence of the dielectric permittivity from CuIn 05 Cr 05 P 2 S 6 is quite complex and is hard to fit with the Cole-Cole formula. The obtained distribution of relaxation times and activation energies (Fig. 5) gives a clue to the nature of the complexity of the dielectric permittivity temperature dependence. One must be cautious of various artifacts appearing in the resultant distribution, as they may be due to missing measurement temperature/frequency intervals, unfiltered conductivity, etc. As our experimental measurements contain a portion of conductivity in the dielectric permittivity data and some points are missing, the distribution of relaxation times and energies contains artifacts near log(τ) > −10 and E < 0 1. Also, due to the aforementioned conditions, the diagonal line ranging across the distribution can be disregarded as an artifact leaving the most prominent part at −16 > log(τ) > −10 and 0 3 < E < 0 1 as relevant data. Further investigation in that region is needed in order to analyze its structure.
Discussion
Due to instability of the problem, not all minimal σ 2 result in the best fit. We have noticed that the best fit can be obtained for values of α where σ 2 is minimal, not zero and smooth. For small α values the resulting distribution contains sharp features and the larger the regularization parameter the smoother distribution the becomes. This may be good if the data are rather noisy and contain discontinuities in frequencies and/or temperatures, which is quite common as we are dealing with experimental data. However, at larger regularization parameter values the distribution loses features that might be otherwise important. Another factor contributes to the instability of the solving method. As can be seen from Eq. (8), the kernel may contain very small values as there is an exponential term in the denominator. For double precision floating point calculations allowable numerical values must be larger than 10
and smaller than 10 308 , which could be arbitrarily safely achieved for temperatures larger than 70 K at activation energies up to 3 eV. Additionally, with very small values in the kernel calculation speed suffers a lot due to additional calculations involved with denormalized floating point numbers. It is also very important to determine ∆ and ∞ for the material of interest as accurately as possible. Our computer program can determine these values directly from the dielectric permittivity data, however other methods may give better results (e.g. obtain these values from Cole-Cole fits for each temperature). When combining experimental data from different measuring methods, it is crucial to align the temperatures properly so that all frequencies fit into a single rounded temperature, otherwise the resulting distribution of relaxation times and activation energies may converge poorly, will contain large negative and positive values, and σ 2 becomes non-monotonic. Thus, experimental dielectric permittivity data must be carefully prepared before applying the algorithm.
Conclusions
The method we have presented permits us to extract microscopic parameters directly from measured dielectric permittivity data, thus giving us greater insight into the inner workings of different ferroelectric materials. We have demonstrated that our algorithm works with simulated and experimental permittivity data, and have discussed how experimental data should be prepared to obtain best results. As shown in [16] , this method allows us to distinguish relaxors from dipolar glasses. More analysis must be performed to perfect the algorithm and preparation of experimental dielectric permittivity data.
